1238 Macromolecules 1984, 17, 1238-1252

(4) Garrido, L.; Riande, E.; Guzman, J. Makromol. Chem., Rapid
Commun. 1983, 4, 729,
(5) Flory, P. J. “Statistical Mechanics of Chain Molecules”; In-
terscience: New York, 1969.
(6) Mark, J. E. J. Chem. Phys. 1972, 56, 451.
(7) Abe, A. Polym. J. 1970, 1, 232.
(8) Abe, A. J. Am. Chem. Soc. 1968, 90, 2205; 1970, 92, 1136.
(9) Sutter, U. W,; Flory, P. J. Macromolecules 1975, 8, 765.
(10) Abe, A.; Hirano, T.; Tsuruta, T. Macromolecules 1979, 12,
1092.
(11) Allen, G.; Booth, C.; Price, C. Polymer 1967, 8, 397.
(12) Mark, J. E. J. Polym. Sci., Polym. Symp. 1976, 54, 91.
(13) Riande, E.; Boileau, S.; Hemery, P.; Mark, J. E. JJ. Chem. Phys.
1979, 71, 4206.
(14) Riande, E.; Boileau, S.; Hemery, P.; Mark, J. E. Macromole-
cules 1979, 12, 702.
(15) Abe, A. Macromolecules 1980, 13, 541.
(16) Guggenheim, E. A. Trans. Faraday Soc. 1949, 45, 714.
(17) Smith, J. W. Trans. Faraday Soc. 1950, 46, 394.
(18) Marchal, J.; Benoit, H. J. Polym. Sci. 1957, 23, 223.
(19) Nagai, K.; Ishikawa, T. Polym. J. 1971, 2, 416.
(20) Doi, M. Polym. J. 1972, 3, 352.
(21) Liao, S. C., Mark, J. E. J. Chem. Phys. 1973, 59, 3825.

(22) Flory, P. J. “Principles of Polymer Chemistry™; Cornell Univ-
ersity Press: Ithaca, NY, 1953.

(23) Mc Clellan, A. L. “Tables of Experimental Dipole Moments”,
Vol. I; W. H. Freeman: San Francisco, 1963; Vol. II; Rahara
Enterprises: El Cerrito, CA, 1974.

(24) Abe, A.; Mark, J. E. J. Am. Chem. Soc. 1976, 98, 6468.

(25) Flory, P. J.; Ciferri, A.; Hoeve, C. A. J. J. Poiym. Sci. 1960, 45,
235.

(26) Mark, J. E. Rubber Chem. Technol. 1973, 46, 593.

(27) Saegusa, T.; Hodaka, H.; Fujii, H. Polym. J. 1971, 2, 670.

(28) Kops, J.; Larsen, E.; Spanggaard, H. J. Polym. Sci., Polym.
Symp. 1976, 56, 91.

(29) Kops, J.; Hvilsted, S. Macromolecules, 1979, 12, 889.

(30) Flory, P. J. Macromolecules, 1974, 8, 381.

(31) Riande, E.; Garcia, M.; Mark, J. E. J. Polym. Sci., Polym.
Phys. Ed. 1981, 19, 1739.

(32) Yamamoto, K.; Kusamizu, S.; Fujita, H. Makromol. Chem.
1966, 19, 212.

(33) Krigbaum, W. R.; Roe, R. J. Rubber Chem. Technol. 1965, 138,
1039.

(34) Puett, D. Makromol. Chem. 1967, 100, 200.

(35) Ishikawa, T.; Nagai, K. J. Polym. Sci., Polym. Chem. Ed. 1969,
7, 1123.

Theory of Light Scattering and Propagation in Dilute Polymer
Solutions: Wormlike Chain Model with Intrinsic and Shape

Optical Anisotropies

Mei Hsu Dung and Branka M. Ladanyi*!
Department of Chemistry, Colorado State University, Fort Collins, Colorado 80523.

Received September 22, 1983

ABSTRACT: We present a continuum model for optical response of dilute solutions of polymer molecules.
The solvent is represented as a uniform dielectric continuum. The polymer molecules are modeled as flexible
cylinders of constant cross section with a locally axially symmetric anisotropic optical dielectric constant and
thus have both permanent and “shape” optical anisotropy. The molecular conformation is represented by
the wormlike chain model. Isotropic and depolarized light scattering intensities due to dissolved polymer
molecules are evaluated approximately to quadratic order in the scattering wavevector. The refractive index
increment of the solution is evaluated as well. The effects on these quantities of molecular shape, size, stiffness,
and magnitudes of dielectric tensor components are studied. We show that the local field at a polymer molecule
is dependent on the molecular size and conformation. As a consequence of this, familiar expressions, based
on the independent scatterer approximation, which relate, for example, isotropic light scattering intensity
to the polymer molecular weight and to its mean squared radius of gyration, become inaccurate for some systems.
We suggest experiments that may further test the predicted local field effects on light scattering intensities

and refractive index increments.

I. Introduction

Our primary goal in this paper is to construct a com-
putationally simple and relatively physically realistic model
for the optical response of polymers in dilute solution. Of
special interest to us are the local field effects on light
scattering (LS) and propagation in these solutions. In most
of the treatments of LS from polymer solutions, polymer
molecules have been modeled as a collection of inde-
pendent scatterers.! In these models, the effective po-
larizabilities of the scatterers are scaled to yield the LS
intensities close to those observed in a particular solvent,
without recourse to a particular local field model. In order
to investigate the breakdown of the independent scatterer
approximation, it becomes necessary to develop a model
for the local field experienced by a polymer molecule in
solution. The present paper continues our investigation
of models for optical properties of polymers in dilute so-
lution. We have so far considered two types of models for
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this optical response. One of these is the continuum di-
electric model for the polymer—solvent system;? the other
treats the polymer and the solvent as collections of in-
teracting induced dipoles.? This second model is more
physically realistic and definitely preferable for solutions
of small flexible molecules, but it is impractical for most
polymer solutions, for which the model of ref 2 holds more
promise. Here we present several improvements and ex-
tensions of the work of Ref 2 (from now on referred to as
I). In I we developed the general theory of LS and prop-
agation in polymer solutions, where the polymer molecule
and the surrounding solvent were modeled as continuous
dielectric media. We also presented numerical results for
a model in which both the solvent and the polymer mol-
ecules were represented as uniform dielectrics with scalar
dielectric constants. The polymer was modeled as a
flexible cylinder of constant cross section whose confor-
mation was described by the wormlike chain model.* We
found that this model gave a physically realistic value of
the refractive index increment but that the predicted de-
polarized scattering intensity was too low, since the only
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source of optical anisotropy in it was the anisotropy in
molecular shape. Our goal here is to construct a model that
has permanent as well as “shape” optical anisotropy and
to investigate its optical response. The specific model we
study herein is one where polymer molecules have an op-
tically anisotropic, locally axially symmetric dielectric
tensor and are immersed in a uniform dielectric solvent.
In I, we considered only LS at essentially zero scattering
angle. Here we investigate the dependence of LS inten-
sities on the scattering angle explicitly to the second order
in the scattering wavevector.

The paper is organized as follows. In section II, we
develop the dielectric theory appropriate to this problem
and derive the expressions for the electric field inside a
polymer molecule in solution and for the dielectric constant
and the LS intensity in terms of this field. In section III
we develop an approximate, computationally tractable
expression for the field inside a wormlike polymer chain.
In section IV we present our results for the dielectric
constant and the refractive index increment and in section
V for the isotropic and anisotropic LS intensities and their
dependence on the scattering wavevector. Our results are
summarized and possibie extensions of the present work
are discussed in section VI.

II. General Dielectric Theory

We consider a dilute solution containing N, polymer
molecules in a container of volume V. The solution is
dilute enough so that interactions between different
polymer molecules are negligible. The solvent is assumed
to be uniform and characterized by a scalar dielectric
constant, ¢, In the subsequent development, whenever we
mention a dielectric constant or tensor, we will be referring
to quantities at optical frequencies, since we will be dealing
with light scattering and propagation. The polymer
molecules are assumed to be characterized by a local di-
electric tensor D,(r), where r denotes a position. We
choose D, (r) to be an amsotroplc locally axially symmetric
tensor. 'lghe polymer molecule is assumed to be a flexible
cylinder of constant cross section, so that D, has the
symmetry of the molecule itself. Thus D, depends only
on the orientation of the local cylinder ams, represented
by the unit vector i(r), which is tangent to the axis at the
point r. D, is given by

D,(r) = "1 + Ae,(ad - %1) (2.1)
where ¢, and Ae, are, respectively, the isotropic and the
anisotropic components of D,. They are related to ¢, and

€51, the components of D, respectively, parallel and
perpendicular to & by

€p = ]/3(€p” + ZGPL) (2.2&)

and
Aep, = g — € (2.2b)
The dielectric tensor, D(r), at any point r within the so-
lution has the following properties:
D(r) = ¢1 + A(r) (2.3a)
where
A(r) =0 for r outside a polymer  (2.3b)
and
A(r) = Dy(r) ~ ¢l for r inside a polymer
= (& — &)1 + A¢,(alk - 1/3)
(2.3¢)

Using Maxwell’s equations and the divergence theorem,
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following the steps outlined in I, the solution for the scalar
potential, ¥, may be written as

1 1
Y(ry) = Yolry) - mj;dl'z [A(l'z)'vzkl'(l'z)]'vzr—m (2.4)

where ,(r) is the potential far away from the polymer and
the integral runs only over the volume, w, of a single
polymer molecule, since A(r) vanishes when r is outside
a polymer. Using eq 2.3, we find that the above expression
becomes

4 1
Ve = polry) - - f dr, Va(e)Var -
Y 1
ﬁj;drz [a2a2'v2‘*”(r2)]"vzr—u (2.5)

where

1= (6 — &) /& = (6,° ~ & — YhAe)) /e, (2.6a)

and
Yo = (e~ €p1) /6 = Ay /¢ (2.6b)
The electric field, E, is obtained by taking a gradient of
the potential with respect to r,
y 1
E(r)) = Ey(r) + ‘_lfdl'z [Vz\l/(rz)]'vlvz“‘ +

rig
fdl'z (985 Vo¥(ry)]-V Vz (2 7

where E, = -V 1y, is the field far away from the polymer.
A more convenient form of eq 2.7 is obtained by using the
fact that V1V2(1/r12) = —V2V2(1/r12) on the third term on
the right-hand side

A 1
fdrz [uzuz'vz‘ﬁ(l'z)]'vlvz;— =
w 12

f dr, [v2v2 LIPS ]-E(rz) (2.8)

and the chain rule of differentiation and the divergence
theorem on the second

fan vaegvmt = [ Boge) @9

Here, &, is an outwardly directed unit vector perpendicular
to the surface A of the polymer and r; is a position on the
polymer surface. Substituting eq 2.8 and 2.9 into eq 2.7,
we find that the electric field becomes

E(r) = E, - — f da, ﬁ—z E(ry) +

fdrg[ 2V2 uZaz]'E(rz) (2.10)

The above expression is exact and valid for the field at
any point r; in the solution. We now specialize to the field
at a point within the polymer molecule and introduce
approximations appropriate to this situation. As can be
seen from eq 2.10, E depends on a set of three coordinates
that specify r;. In the case of a flexible cylinder, it is
convenient to choose these to be the local cylindrical co-
ordinate set s, p;, and ¢,, where s, is the distance along
the axis, or the arc length, p, is the cross-section radius,
and ¢, is the azimuthal angle. We assume that a good
approximation to the field may be obtained by postulating
that E(r;) is independent of p; and ¢; but depends only
on s..* Similarly, E(ry) = E(s;). This approximate ex-
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pression is obtained by averaging E(r;) over the cross-
section variables p; and ¢,

y L
E(s;) = Eo + —a? { ds; Q/(s1,89)}E(sy) -
¥ L
52 J ds, Q1) By (211)

where

Q' (s1,80) =

1 1 a
VyVo— )'02122> =——1 pdp
< ( T2 S1,92,01,02 (702)2 j:) ' '

a 2r P 1 .
j; P2 dp2j; d¢1j; do, [Vzvzr_m'uzuz] (2.12)

and

ry9és
Q) (s1,89) = < 3 > =
T12 1,0
LEBPLL
1 27 2r a r9és
oo S, douf, dea fan dpl[ 5 ] (2.13)

L and a are, respectively, the length and the cross-section
radius of the flexible cylinder. (...)4 4,, ., is an average
over the cross section at r; and ry. (...)4 4, I8 an average
over the cross section at r; and the azimuthal angle at r,.
In eq 2.13, where this average is used, p, is on the surface
of the polymer molecule.

Equation 2.11 is further simplified by assuming that the
dependence of the field on s; is weak. This is motivated
by the fact that the field is constant inside several simple
rigid objects, such as spheres, ellipsoids, and infinite cyl-
inders, with isotropic or anisotropic D,. Thus, to the
lowest order of approximation, we assume that E(s;) =
E(s,) and replace E(s,) with E(s;) in eq 2.12 and 2.13. This
allows us to obtain a first-order expression for E(s;) in
terms of E,

E(s;) = G(s;)-Eq (2.14)
where
G(sy) = [1 + H]? (2.15)
with
L
H(s,) = fo ds, H'(sy,55) (2.16)
and

a a?
H'(sy,89) = yngl’(sm) ~ yZZQZI(Sl,Sz) (2.17)

Equation 2.14 is the central result of this section. It was
shown in I that the solution dielectric constant and the LS
intensity expressions depend on the molecular conforma-
tion only through G. In particular, the solution dielectric
constant, ¢, is given by

¢ = % Te (D) = ¢ + £ f dr Tr (Dye) - 4 11G(x)
(2.18)
where
¢c=N,/V (2.19)

is the polymer concentration, Tr is a trace of a tensor, and
{...) denotes an equilibrium ensemble average. The LS
intensity, Iy, at r, is the average of the square of the
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magnitude of fluctuating scattered field, E,., polarized
along A, given that the incident field (in the present case,
E,) is polarized along 7,22

Iﬁ = (lﬁf'Escl2> (220)

Ro*c|(E)[?
= —[%;Wfdrfdrf ﬁf-((Dp(r) - esl).G(r),ﬁi X ﬁi'
0 w w

GH(r")«(Dy(r’) - €1))7; expliq-(r - v')) (2.21)
where k; is the wavevector in the vacuum, k = nk; is the

wavevector in the medium, and G is the Hermitian con-
jugate of G. n is the refractive index, given by

n?=¢ (2.22)

q is the difference between the scattered wavevector k; and
the incident wavevector k;

q-= kf - ki (223)
The scattering is assumed to be quasi-elastic, so that
kel = tkil = & (2.24)

Note that only LS due to polymers is possible in our model,
since the solvent is assumed to be a uniform dielectric.
This is never the case for real systems, where the LS in-
tensity due to the pure solvent needs to be subtracted in
order to get the solute contribution to this quantity.
However, this approximation is quite reasonable for
evaluating the local field contribution to LS from optically
anisotropic molecules.

G depends on the molecular conformation in a com-
plicated way, namely through (1 + H)™!, where H is a
conformation-dependent quantity. For a flexible polymer
it is impossible to derive an expression for G that would
be exact as well as computationally tractable. Reasonable
approximations to G may be obtained in two situations:
(1) the dielectric tensors of the polymer and the solvent
are similar in magnitude, so that both y; and y, are small
and a series expansion of G in y; and y, converges rapidly;
(2) the polymer chain is stiff, so that H is close to (H),,
its average over i, and the distance R;, between cross-
section centers at r; and r,. In this latter case H can be
expanded around this average value

H(sy) = (I'I(-5'1)>a1 + AH(s) (2.25)

AH is small, so that a good approximation to G is obtained
by neglecting its contribution

G=xG,=(1+ (H))" (2.26)

In the following section, we will derive an explicit ex-
pression for G, for the wormlike model of polymer chain
conformation.

III. Electric Field inside a Wormlike Polymer

In this section we evaluate G, for a wormlike chain
model of a polymer molecule. Our methods are similar to
those used in I but differ from them in that the anisotropic
component, proportional to y, is now present. Also, for
reasons of consistency, we evaluate the coefficient of y, by
averaging over p;, instead of assuming that p, is on the
polymer surface, as we did in I.

We consider a wormlike polymer of length L and radius
a. A position r; inside the polymer is expressed in terms
of R,, the position on the axis, and p; = p;é;, the distance
between the axis and the cross-section location

r,= Ri + Piéi (3.1)

The distance R, is a function of the arc length s; and the
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Figure 1. Polymer molecule section displaying distance ry,, radial
vectors p; and p,, tangential unit vectors 3, and &,, and center-
to-center distance R;,.

tangential unit vector &; = d(s;). For example, R,, can be
written as

Ry, = f “ds a(s) 3.2)

A section of the flexible cylindrical molecule, with all the
relevant distances and unit vectors displayed, is depicted
in Figure 1.

In order to evaluate (H(sl))u , we need a probability
distribution function of & g, § = |s2 sq), and Ry, for a fixed
;. As was pointed out in I, such a distribution exists for
the wormlike chain only in two limiting cases: (1) s < 1/2\
(where 1/2\ is the persistence length'?); and (2) in the
opposite extreme, s > 1/2\. In the first case, the mo-
lecular shape is that of a straight cylinder, so that the
molecule possesses only a single conformation. In the
second case, the molecule is very flexible on the distance
scale considered, so that a Gaussian distribution is ap-
plicable, to a good approximation.'® The corrections to
the Gaussian distribution are expressed as an expansion
in powers of 1/As. No satisfactory expression exists in the
intermediate range of As values. We note, however, that
extending the region 1 to somewhat flexible cylinders is
quite feasible and would be desirable for the present and
similar problems. Work on this problem is in progress.’

The average over &, and R, of H'(sy,s,), defined in eq
2.16, is a function only of s. Depending on the value of
s, (H"),, will be given by its value in region 1, which we
denote By the subscript “c” (meaning “cylinder”) or its
value in region 2, which we denote by “d” (meaning
“dipolar”). Thus we have

(H'(s))4, = H/(s) fors < b/2) (3.3a)

and
(H'(8))g, = (Hy'(s)) g,

where b is a number of order unity. In the first region no
averaging of H’ is necessary, given that the molecule has
a unique conformation.

A. Contribution to the Field from Region 1. In the
case of a straight cylinder, we choose the cylinder axis to
be the z axis in the molecular frame. The vectors i; are
then all equal to &, the unit vector along z, while &, ry,,
and ry,2 may be written as

é; = cos ¢ + sin ¢, (3.4)

fors > b/2\ (3.3b)

p1.cos ¢y)i +
(pg Sin ¢y — py sin ¢))j + (s — sk (3.5)

ry; = (pg COS ¢y —

and

22 = p12 + p22 - 2p1p2 CcO8 (¢1 - d)z) + (Sl - 32)2 (3-6)
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where i and j are, respectively, unit vectors along x and
v molecule-fixed axes. H/ is

2
H(s) = %"ng(s) - 15 Q) (3.7)

where Q. and Q. are given by eq 2.13 and 2.12. Explicit
expressions for them in the cylinder case are obtained by
using eq 3.4 to 3.6. Given that r;, depends only on ¢ =
@1 — ¢, we change the angular averages from the (¢;, ¢2)
set to the (¢, ¢o) set. The average over ¢, can then be done
analytically, with the result

Q. = <r12e2> _
e = =
3

2™ [ e

1-d.0, por a a - p; COS ¢
2 f d¢f dp1 o1 2 2 213/2
ra? Jo 0 [ps? + a? — 2ap, cos ¢ + 2%/

(3.8)

and

, 1
Q' = <(V2V2_) uz“z) =
iz bid2,p1,02

< (31'121'12 - 1"12 2). U2U2>
6102.01:P2

2(21!21 2 3S - r122
f ¢f p1 dp; 6 P2 dpp ——— 3.9)

mat 12

In order to evaluate H itself, we need integrals of Q,,” and
Q. over s from s = 0 to s = s/, where the value of s’ is
determined by the location of s;. Thus we define g,.(s’)
and gy.(s’) by

j; "ds Q,/(s) = (1 = Gy2)qya(s) (3.10)
and

S ds Quts) =

Integrations over s and ¢ in g, can be carried out ana-
lytically, with the result

&1121(]%(3/) (3.11)

’ — 1 a ’
q1e(s’) = ;—aj; py doy Flpy,s’) (3.12)

where F(py,s’) is given by
s/
X
[(pr + 0)? + 5722

a-p —4ap
‘ol Z——m ) | 313)
a+tp \2(p +0)?

K is the complete elliptic integral of the first kind® and
II the elliptic integral of the third kind.® m is defined as

ap 1/2
m= 2[ (_+__)_;:__—/E ] (3.14)
a P1 8

Similarly, the integrals over p,, p,, and s in g, can be done
analytically, with the result

Fps’) =

K(m) +

AN _4_ v ’
Qocls’) = o j; d¢ T(cos ¢,s”) (3.15)

where T(c,s) is given by
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T(c,5) =
s

{[2a%(1 - ¢) + §?]Y/2 - 2[a? + s?]V/2 + s} +

c o s%c + a*(1 - ¢?)
(1 - c?)¥2 arctan s[(1 - ¢®)(2a%(1 - ¢) + s?)]1/2

[1 - c2]/2
arctan

1~¢?

2

sc
[(1 - ) (a? + s2)]V/2 ] +
A2V (n2 + <2)11/2
arctan [ [(1 - Ala” + $7)] ] (3.16)

- arctan [

8¢

away from ¢ = 1, T(-1,s) and T'(1,s) are derived in Ap-
pendix A and are given, respectively, by eq A.7 and A.1.
The remaining integrations in eq 3.12 and 3.15 have to be
done numerically. As stated earlier, ¢, has already been
evaluated in I, using the approximation p; = a. We
evaluated it here removing his approximation. We found
that the new and the old values gave essentially the same
results for all the measurable quantities we evaluated,
although the two expressions for ¢,.(s) differ at small
values of s. This fact confirms the validity of the ap-
proximation to the field inside a molecule we developed
in section II, namely that E(r;) =~ E(s;). The field is indeed
weakly dependent on the cross-section vector.

When s’ becomes large, i.e. when s’ > a, q;, and g, can
be expanded in powers of a/s’, with the result

nelfl_Lfa) , 3(a)

qlc(S)_a[2 4(3') +8(s/)+...] (38.17)
SR B I T A

Goc(s’) = a2[ (s,) + 2(8,) ] (3.18)

From the above equations it can be seen that at large s’,
the contribution of g, to H becomes negligible relative to
that of g;.. Q, has an integrable singularity at the origin,
ri; = 0. As aresult of this, gy is finite at s”= 0. It is shown
in Appendix A that the values of q;. and g5, at s’ = 0 are

g1.£0) = 0 (3.19)

and

and
q2.(0) = -2/a? (3.20)

This value of q,.(0) differs from the one obtained in I,
namely q;.(0) = 1/4a. The reasons for this difference are
explained in Appendix A.

B. Contribution to the Field from Region 2. When
s becomes large compared to the persistence length 1/2,
the molecular radius, a, becomes small compared to R,,,
the distance along the backbone, for most of the likely
polymer conformations. Thus we may expand eq 2.12 and
2.13 in powers of a/R,, and obtain

Q= ——(1 - 8B, R0 (1 - dyy) = Qg (3.21)

and
1
R,

Here we have assumed that &, and é, are uncorrelated. We
note that Q" and @, now depend on a dipole tensor in-
teraction of the axial distance R;,—hence the name
“dipolar” for the contribution to the field from this region.

Since the points 1 and 2 correspond now to a large value
of s, we use the probability distribution valid for As > 1

Q) = (BR1uB1; — 1ty = Q' (3.22)
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to average over Ry, and i, for a fixed ;. In this range of
s values, the distribution is approximately Gaussian. The
deviations from Gaussian behavior may be expanded in
powers of 1/As. This distribution has been derived by
Gobush et al.” and has the form

1 3
(47{)1/2 2w As

3R?

© i
exp —-—2—A—)Z Z Yl’m(ﬁ,d)’) F[ImI(R,gR) (3-23)
S J1=0 m=-1

where R = Ry, cos 8 = 4;-R, cos 6 = i1,d,, ¢’is the relative
azimuthal angle between &, and R, Y},,’s are spherical
harmonics, and F}™s are given in ref 7b. Using the above
distribution, we obtain the following results for the aver-
ages of Q;4 and Q4"

3an3f 3 \/2 743 %
Y, = —f —— — e o — -
(Quihs, = 2 ( 2,,t5) el |

20 2257 oz
9 - m + tZuIUI)] (3.24)

and

A 3 |72 221 % 5
Yy, = — — -_— 4 - ~ 4
(Q2d >u1 25(2'ﬂ't5) ' 1 60t t2 1+ 3

3089 22}, |
140t + 2 )ulul ] (3.25)
where ¢t = As. The values of x;, x5, 2;, and z, are not
determined by the above equations. They are obtained
below by requiring that (H');, be continuous at s = b/2A.
C. Connection hetween kegions 1and 2. When As
= 1, neither of the two limiting cases discussed above
applies. There is at present no distribution function f valid
for this range of s values. From eq 3.7 to 3.9, defining H’
in region 1, and eq 3.21 and 3.22, defining H' in region 2,
it can be seen that Q,” and Q," have the following form in
both of these extreme cases:

Q' = Fi(R,a)(1 - 3RR)-(1 - G, (3.26)
and
Q, = F5(R,a)(1 - 8RR)i,il, (3.27)

where we have used the fact that in region 1, R = s and
R =4, = 4, The functional forms of F; and F, in the two
regions are, of course, different. Since eq 3.26 applies for
extreme values of s, it is reasonable to assume that it will
apply in the intermediate case as well. We determine x,,
X3, 21, and 2, by requiring that (H’), be continuous at s
= b/2\, which means that

o) (a2)), o
wl2)-(a2)), o

The persistence length of a polymer molecule is usually
much larger than its cross-section radius, so we choose b
and a to correspond to b 3> 4\a and use the expressions
for Q;./ and Q. valid in the limit of s > a. These are
obtained by taking derivatives with respect to s of ¢;.(s)
and g, (s), given by eq 3.17 and 3.18. Thus we have

3
Q. =(1- alal)(—a— _ 3@ + ) (3.30)

25 25

and
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and

Q2c/ = 121121(— -—+ ) (331)

x, and 2z, are then obtained by equating eq 3.24 to 3.30 at
s = b/2\, with the result

25 =b® \'/? 12@N? | b? | 743b
= 12(?) "= | 7T 2e0 @32

and

1057 11

- _ 212
2= b b (3.33)
Slmllarly, x5 and z, are obtained from eq 3.25 and 3.31 and
are given by
221 b?
Xg = (50-_17 - l)z (3.34)
and
b3 |/ 12(aN)? ( 3089)b2
z2'25(?) " |G e

(3.35)

If our model is reasonable, the results for G,, ¢, and the
LS intensities will not be very sensitive to the choice of
b. In section V we show that this is indeed the case for
a wide range of b values and for reasonable values of the
other parameters.

D. Expression for G,. From the results of subsections
A, B, and C we can construct an approximate expression
for (H(sl))a valid for any s;. As can be seen from eq 3.8,
3.9, 3.24, and 3. 25, (H),, always had the form

(H(Sl))ﬁl = A(sl)l - B(Sl)ulul (3-36)

where A and B are scalar functions of s;. Using this ex-
pression, the scalar and second-rank parts of G, can be
written in terms of A and B as

G,(sl) = G,,(O)(sl)l + Ga(2)(81)(ﬁ1ﬁ1 - 1/31) (3.37)

where

1

)
1T AG6) 1) G @(sy) (3.38)

Ga(O)(sl)

and

B(sy)
[1+ A(sp][1 + Alsy) - B(sy)]
Contributions to A and B from the “cylinder” and “dipolar”
regions vary according to the location of s; in the molecule

and depend on the relative sizes of b and AL. Three cases
may be distinguished:

Case 1. b2 2)\L
The field inside the molecule is given by the field inside
a finite cylinder. Thus A is given by
A(sy)) = A (sy) + AL - sy) (3.40)
An equivalent expression holds for B, with B, replacing

A, A, and B, are derived in Appendizx B by using the
results of part A of this section.

Case’ 2. A\L £ b <2\

A and B have different functional forms for s, in three
regions. A is given by the following:

G, (s, = (3.39)
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region 2.1: 0 <s; <L -b/2)
A(sy) = As)) + A(b/2N) + Ay(L - s;,) (3.41a)
region 2.2: L - b/2\ <5; < b/2\

A(sy) = A(s) + AL - sy) (3.41b)

and
region 2.3: b/2A <5, <L
Als)) = AL —s1) + A(b/2N) + Aylsy) (341c)

Equivalent expressions hold for B, with B, and B, replacing
A, and A4. Ay and By are derived by using the results of
part B of this section and are explicitly given in Appendix
B.

Case 3. b <AL

This is the case of long polymer chains and is expected
to correspond to the most common situation. A has dif-
ferent functional forms in the following three regions.

region 3.1: 0 <s; <b/2\
Alsy) = Adlsy) + Ac(b/2)N) + Ag(L - s1) (3.42a)
region 3.2: b/2x <s; S L -b/2\

A(sy) = 2A.(b/2N) + Ag(L - sy) + Agylsy) (3.42b)

and
region 3.3: L-b/2A <8, <L
Als) = A(b/20) + AL - 5;) + Agls;) (3.42¢)

Again B is obtained by replacing A, and 44 with B, and
B, in eq 3.42.

The expressions for A and B simplify considerably in
the case of long chains. As L increases, region 3.3 disap-
pears and the size of region 3.2 grows relative to that of
region 3.1. As a result, in the limit L — «, we have

lim A(s) = 4. = 24,(b/2)) + 24,(=) (3.43a)

and

I{im B(s;) = B., = 2B.(b/2)\) + 2B4(«) (8.43b)
A and B become independent of s;. The above equations
simplify still further in the case where the molecule is stiff
as well as long, which means that A becomes small.
Equations 3.43 can then be expanded in powers of aX, with
the result

A, =y, /2 + O[(aN)?] (3.44a)

and
B, =y,/2 + 0O[(a))¥] (3.44b)

The leading terms are now those that would be present
in an infinite cylinder. In this case A. becomes equal to
B.. and independent of y,.
lim A, = 11m B.=A..=y/2 (3.45)
A—0
The above expressions may also be obtained from eq 3.40,
corresponding to case 1, in the limit of large L. As can be
seen from eq 2.6a, y, depends only on the component of
perpendicular to the molecular axis. In this limiting case
2 © and G,® take on values well-known from classical
electrodynami_cs,8 namely
6 + e, 4+ ¢
lim G,® = G, 0 = —— 2t o = P! (3.46)

L~ 32 +y) 3+ e)
A0
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and

Y fpL "%
lim G,® = G,® = +1 =2 - > (347
ﬁ—_:cg 2 Y1 épl €g

These values are independent of the molecular size and
shape. As.can be seen from eq 3.43, if the molecule is long,
but flexible, A, B, and the resulting G,® and G,® do not
depend on L but still depend on the structural parameters
a and A

Thus we have shown that the local field at a point s,
inside a polymer molecule is, in general, dependent on the
molecular size, conformation, and the distance of s, from
the chain ends. In the next two sections we examine the
consequences of this dependence on the refractive index
and the intensity of scattered light of dilute polymer so-
lutions.

IV. Dielectric Constant and Refractive Index
Increment

In this section we present the results for ¢ and the re-
fractive index increment, dn/dc, obtained with the ex-
pression for G, derived in the previous section. Substi-
tuting eq 3.37 into eq 2.18, we get

€=¢ + cwD (4.1)
and

dn w

PR (4.2)

where w = 7a’L is the volume of a polymer molecule and
D is given by

1 pL
D=7 { ds Kis(®) (4.3)
K, is the isotropic local field defined as

2
Kioo(s) = (6,0 - €)G,O(s) + §AepGa(2)(s) (4.4)
K, itself is in some cases only weakly dependent on the
molecular size and shape. In particular, if the molecule
is long, G,® and G, are independent of s so that K,
becomes equal to D. Using eq 3.43, we find
lim D = hm Ko = Kigow =

Lo
B.(e — ¢, + %Ae;)
1 (e,° — &) + i i
1+ A. P 3(1+ A. - B.)

(4.5)

This value of K, is independent of L but does depend on
A and a. If the molecule is stiff as well as long, we may
use eq 3.45, which becomes valid when (a))? « 1. If this
limit K., becomes independent of molecular shape and
dimensions

lim I<iso,m = Kiso,c =
(epo — ¢&)(be, + epo + Aey/8) - 2/9(Aep)2
36,0 + ¢~ Ae,/3)

(4.6)

" For many reasonable choices of the molecular dimensions
and persistence length, eq 4.6 gives an accurate value of
K, and of the resulting D. This quantity is then chiefly
dependent upon solvent and solute dielectric tensor com-
ponents. The dependence of ¢ and dn/dc¢ on other mo-
lecular properties is mainly through w, so that these
quantities are insensitive to molecular conformation but
depend mainly on molecular size or the number of mo-
nomeric units. This result is not surprising in view of the
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Figure 2. Dependence of the isotropic local field factor, K,
evaluated in the infinite cylinder approximation on polymer and
solvent dielectric tensor components. Depicted is K, as a
functxon of Ae, for ¢,° = 2.0 (dashed line), ep° = 3.0 (full line), and

=4.0 (dotted line). The upper panel is for ¢, = 3.0, the lower
f%x ¢ = 2.0.

fact that the Clausius-Mossotti equation,® which is inde-
pendent of intermolecular correlations and of molecular
conformation, describes accurately the dielectric constant
of many liquid systems.

Given that Kj,, and D are well approximated by K,
in many cases, insights into the behavior of D as a function
of ¢,% and Ae, may be gained by examining that of K .
The situation corresponding to y, = 0 was studled inl In
that case, D was shown to vanish when e =¢. In the
present case, D would not vanish when ep = ¢, if A¢,

0 but would take on the value
2 L
D= i fo G, 2(s) ds 4.7
where the value of G,® appropriate for y, = y,/3 is used.
This quantity usually turns out to be negative as can be
seen from the value of K, for y; = —y,/3

9 (Ag)?
Kiso,c = _5 6_68__A?p 4.8)

which is negative provided that A¢, < 6 ¢, . This condition
should always be satisfied by real systems at optical fre-
quencies. The behav1or of K, as a function of Ae, for
several values of ¢, and ¢, is depicted in Figure 2. It can
be seen from this figure that K;,, . depends more strongly
on &, than on Ae¢, but that the dependence on Ae, is by
no means negligible. The figure shows that the presence
of optical anisotropy in D, may either enhance or decrease
the isotropic local field and the resulting dn/dc relative
to their values in the absence of Aep As expected, K,
and the resulting dn/dc are negative when ¢,° < ¢,
Experiments on dn/de of polymers of dlfferent Lina
given solvent show that this quantity is not always a linear
function of L.1° In some cases the sign of dn/dc changes
as L is varied.!® The approximation discussed above, K,
= Kiso» gives rise to a linear relation between L and dn/dc,
if the polymer dielectric tensor components are assumed
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Figure 3. Influence of L and A\ dependence of the local field on
refractive index increment, dn/dc. Depicted is the ratio of dn/dc
to (dn/dc),, its counterpart in the ICA, as a function of the reduced
chain length, L/a. The upper panel is for Aa = 0.01, and the lower
panel is for Aa = 0.1. Dashed line represents A¢, = 3.0, full line
Ae, = 0.0, and dotted line Ae, = —3.0. The other parameters are
7= 40, ¢ = 3.0, and b = 1.0.

to be independent of L. A nonlinear relation for shorter
chains is obtained if this approximation is not used. We
examine now the L and A dependence of D. This is done
by comparing D to K, or, equivalently, dn/dc to its
counterpart calculated with the infinite cylinder approx-
imation (ICA) to the field, which we denote by (dn/dc)..
Figure 3 shows the results obtained. Overall, the figure
shows that the ICA is a good approximation to the more
accurate version of our model for dn/dc. The figure de-
picts D/ K, . as a function of L/a for fixed values of ¢, and
&, and three values of Ae,. The lower panel is for a flexible
chain (Aa.= 0.1), and the upper panel is for a relatively stiff
chain (Aa = 0.01). Comparison of the upper and lower
panels indicates that the ICA is more reasonable for stiff
chains than for flexible chains, a result that agrees with
our expectations. In the limit of very short chains (L/a
< 5), the field for both values is given by the finite cylinder
expression, eq 3.40, which is independent of A. Thus the
upper and lower panels give the same values of D in this
range of chain lengths. It is also seen from both panels
that the ICA becomes more accurate as L increases, which
again is an expected result. Figure 3 shows that D/Kj, .
deviates more strongly from unity when the magnitude of
Ag, is increased. The reason for this is that when Ae,
increases, the contribution of the anisotropic component
of the local field, G,?, increases relative to that of the
isotropic component, G,®. G,? is more strongly de-
pendent on the molecular size and shape than G,© is.
(This may be seen from eq 3.38 and 3.39, where the shape-
and size-dependent terms A and B are quantities small in
magnitude compared with unity, for the present choice of
parameters. To lowest order in A and b, G,® ~ 1 and G,?
~ B.)

V. Light Scattering Intensity

In order to evaluate the isotropic and anisotropic (de-
polarized) LS intensities we need to choose a specific
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scattering geometry. We choose the incident field to be
polarized along the z axis and the xy plane to be the
scattering plane.!* This leads to

A; =k (5.1)
k; = k(cos ol — sin af) (5.2)
ke = ki (5.3)
and
fig = f for VH scattering (5.4)
or
Ae =k for VV scattering (5.5)

where « is the scattering angle. The scattering wavevector,
q, is then

a=k -k =qg (5.6)
where
.
g = 2k|sm -2—| 5.7)
and
aa oa
5= sin %3 4+ as .
q = sin 51+ cos o (5.8)

Equation 2.20, defining the LS intensity, may be written
as

1@ = =2 By () 5.9
alg —[(41r)2r0]2( )*Ms(q (5.9)

The dependence of the LS intensity on the molecular
conformation is contained in Mg(g). The persistence
length measures the range intramolecular correlations.
Consequently, the strength of the g dependence of My is
determined by the relative magnitudes of ¢ and A.. In
particular, if (g/A)? « 1, as is the case for flexible chains
or fozr low scattering angles, My may be expanded in powers
of g

© (_1)n

Mﬁ(q) = ;0(2n)‘Mﬁ(2n)q2n (510)
where
. on)
Mg® = aq(2n)Mﬁ(Q)|q=0 (5.11)

We focus our attention on the two leading terms in this
series. For VH, or anisotropic, scattering My is given
by

My =
1

T OLds1 j; “dsy Kys(s) Kys(s9mus® (s, - s3l) (5.12)
where
Kyuls) = G,O(s;)Ae, + G,P(s))(e,0 — ¢, + YsAe,)  (5.13)
and for n = 0 and 1, myy®" are, respectively, given by
myu®(s) = (GoaaidR)GodgipR))  (5.14)
and
myu®(s) = (Geid-R) (ool k) (GR1p)?)  (5.15)

Here we have used the approximation ry; =~ R,,, which is
valid when R, >> a, a situation that occurs for most of the
conformations corresponding to a large contour length,
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Is; — 83). Conformations corresponding to a small value of
Ry, lead to a negligible value of (q-r;;)? and we are justified
in ignoring their contribution to Myy®

Myy(q) is given by

Myy(q) = Mi,.(q@) + %Myu(q) (6.16)

where M, ,(q) corresponds to the isotropic LS intensity and
its leading terms M, and M;,,? are

[ f ds K,so(s)] (5.17)

and

Mlso(z) ==

L2 ds1 f ds Kino51)Kiso(52) ((GR12)?)

(6.18)

with K,,, defined in eq 4.4. Comparing eq 5.17 and 4.2,
we obtain the following well-known relation!! between

I.,(0) and drn/dc

(dn)z_ N s 21 0) (5.19)
de)  ce| RHEYN | '

The above equation is a consequence of the approximation
G ~ G, made in section II. Had the contribution from AH
to G been retained, this relation between I, and dn/dc
would no longer hold.

Using eq 3.2, we may express R;, in terms of a unit
vector tangent to the molecular axis, Thus the averages
in eq 5.14, 5.15, and 5.18 all involve just tangential unit
vectors. They are evaluated by using the distribution
function g(ii,,d,) for a pair of these vectors'®

g(dy,a,) = 2IZ(QZ + 1) exp[-1(l + L)As; - s4f] ¥
! l—
Z em((l " )),Pz {cos ©,)P™(cos ©,) cos [m(®; ~ $,)]

(5.20)

where 6; and &, are, respectively, the polar and azimuthal
angles of @; in the laboratory frame, P/™ are associated
Legendre functions, ¢; = 1, and e,, = 2 for m = 0. After
averaging, eq 5.14 and 5.18 become

myn@(s) = Jy5e7 (5.21)
and
Miso(z) =
1 de Ld K. (s) K (s9) +i( o)
3L\ Yo S’J; 82 Kiso(s1)Kiso(sp)| s + o (e

(6.22)

The average in eq 5.15 involves four different tangent
vectors and is somewhat more difficult to perform. The
derivation is given in Appendix C and the result is

mVH(2)(S) =

T exp(- 6)\3){ [s - —-—(1 - et | +

2ot s _ S _ 5 2 &
[30>\e 40>\e 2 24>\] cos” 5 (6:23)

In a general case the integrations over s; and s, in Myy and
M, have to be evaluated numerically. They can be done
analytically in the case of long chains, since Kvy and K,
become constant in the limit AL > 1. These values of Kyy
and K, are obtained by using eq 3.43 and are denoted by
subscript “=”, which is also used to label the resulting M,
and Myy given by
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Miso © = KlSO B (524)
Miso,o® = 7iKigo,a2(S?) (5.25)
© = + (BN _
Myy-© = Kyy o' L [ 1 (e 1 ] (5.26)
and
1 1 1
Myy? = Kvploo— V2 e‘w“(— + 2)\L) +
v Vi 3780>\4L2{3[ 3
e 5 al e 63
+ AL - — | + cos? + —e M -
12 12" 2[ 60  20°

e‘m(%’ + >\L + 3AL - —~]} (5.27)

(S?) in eq 5.25 is the mean squared radius of gyration,
which has the value'®

(8% =

1 1 1 1
2l — - + - 1-eM 5.28
[6>\L 4(A\L)* 4(\L)? 8(>\L)4( )] (5.28)
K is given in eq 4.5 and Kyy... is
B..(3¢,0 — 3¢, + 24¢,)

1
Kyho = 1T A Ag, + 30+ A. ~B.) (5.29)

As can be seen from eq 5.25 and 5.28, K;,,.? and (S?)
depend on the molecular conformation, so that for a long,
flexible chain M,,,® is not simply related to (S?) and will
not, in general, be simply proportional to this quantity as
is routinely assumed.'*? Similarly, eq 5.26 and 5.27 differ
from the corresponding expressions obtained with the bond
additive or independent scatterer approximation.!?!?
Equations 5.24 to 5.27 take on the independent scatterer
conformation dependence only when the chains are rela-
tively rigid as well as long, i.e., in the limit aX < 1, since
Kyy . and Kjq, .. become independent of molecular con-
formation only in this case. These quantities are labeled
by a subscript “c”. K, given by eq 4.6 and Kyy, by

(Ae, /B)(Be, + €,° ~ ZhAey) + (e,0 — ¢,)?
Kyh, = 2 5 - > d (5.30)
. e + & — Aey/3

We may interpret ma?Kyy as the effective anisotropic
polarizability per unit chain length. It can be seen from
eq 5.30 that the contributions from the shape anisotropy
(proportional to (¢,° - ¢)?) and the intrinsic anisotropy
(proportional to Ae,) are not simply additive. The as-
sumption that these two contributions are additive is quite
common in the literature,'* even though its lack of validity
was pointed out by Fortelny'® several years ago.

Even the infinite cylinder approximation, which predicts
conformation-independent isotropic and anisotropic local
fields, represents an advance over the conventional inde-
pendent scatterer approximation, since it contains the
dependence of the LS intensities on the polymer dielectric
tensor components. Some changes in this dependence are
observed away from this limit, but the general trends stay
the same, so it is instructive to study the behavior of the
local field factors Kj,, . and Kyy . as functions of €0, A,
and ¢, The behavior of Kj,, . was discussed in section 4.
Figure 4 depicts the behawor of Kvy . as a function of Ae,
for several values of ¢,” and ¢, It is seen that KVHC is nearly
a linear function of Aep Its slope is positive and increases
with increasing ¢, at a fixed ¢,. The slope decreases as «;
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Figure 4. Dependence of the anisotropic local field factor, Kyy,
evaluated in the ICA on polymer and solvent dielectric tensor
components. Notation is the same as in Figure 2.

increases at a fixed ¢,. Kyy vanishes at Ae, = 3/,(5¢, +
&) = 3/ 4[(5e, + €,0)% + 8(¢,0 — ¢)?]V/2 This corresponds to
Ae, = 0 when ¢,0 = ¢, and to a small negative value of Ae,
otherwise. In the absence of Aep, the “shape” anisotropy
part of Kyy, would always be positive, so this can be
thought of as a cancellation of “intrinsic” and “shape”
optical anisotropies, even though these two contributions
to Kyy, are not strictly additive. Given that Myy, is
proportional to Ky 2, it is apparent from this figure that
the depolarized intensity will increase when the magnitude
of Ae, becomes large. Comparing Figures 2 and 4, we note
that ;{VH,C depends more strongly on A¢, and less strongly
on ¢ than Kj,, . does.

Given that the results for the L and A dependence of LS
intensities in the independent scatterer approximation are
well-known and widely used, we focus our attention on the
deviations from this behavior exhibited by our more re-
alistic model. We examine the behavior of M., Myy, and
the depolarization ratio for excess LS by polymers in so-
lution, p, defined by

)= ?/_H _ MVSH = )0 4 ?2_2,,0) (5.31)
where
' p© = Myy® /M, © (5.32)
and

p® = (MynOMis,® - Migs ®Myy®) / (MO (6.33)

and compare them to the corresponding quantities ob-
tained in the ICA. The results of this comparison, for
molecular parameters the same as those used in Figure 3,
are depicted in Figures 5-9. Before discussing in detail
each of these figures, we point out their common features.
At the chain lengths L/a < 5.0, the local fields are given
by the finite cylinder expression, eq 3.40, which is inde-
pendent of A, so that the values of M9 are identical for
both values of Aa. The values of the other quantities are
nearly identical in this range of L/a values as well. The
deviations of all the quantities depicted from their ICA
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Figure 5. Influence of L and A dependence of the local field on
the ¢ = 0.0 term in the isotropic LS intensity. Depicted is the
ratio of My, to M, ., its counterpart in the ICA, as a function
of the reduced chain length, L/a. Notation and values of other
parameters are the same as in Figure 3.
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Figure 6. Influence of L and A dependence of the local field on
the term proportional to ¢? in the isotropic LS intensity. Depicted
is the ratio of My,,'® to M, .2, its counterpart in the ICA, as a
function of the reduced chain length, L /a. Notation and values
of other parameters are the same as in Figure 3.

counterparts are more pronounced for more flexible chains
and at shorter chain lengths. This result agrees with our
expectations. In the case of short chains, the end effects
on the local field are important. When the chains are
relatively flexible, the persistence length dependence of
the local field becomes nonnegligible. Consistent with the
approximation G =~ G,, introduced in section 2, we find
that all the quantities considered depend more strongly
on L than on A. It is important to realize that this ap-
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Figure 7. Influence of L and A dependence of the local field on
the g = 0.0 term in the depolarized LS intensity. Depicted is the
ratio of Myy® to Myy 9, its counterpart in the ICA, as a function
of the reduced chain length, L/a. Notation and values of other
parameters are the same as in Figure 3.
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Figure 8. Influence of L and A dependence of the local field on
the term proportional to ¢? in the depolarized LS intensity.
Depicted is the ratio of Myy® to Myy 2, its counterpart in the
ICA, as a function of the reduced chain length, L/a. The scat-
tering angle « = 30°. Notation and values of other parameters
are the same as in Figure 3.

proximation becomes less accurate for flexible chains,
where the effects of the chain flexibility on the LS inten-
sities are likely to be underestimated by our model.
We first consider in detail the isotropic LS intensity.
Figures 5 and 6 depict, respectively, the ratios M;,,©/
My, @ and M, @/ M,,, @ as functions of L/a. The lower
panels are for flexible chains, Aa = 0.10, and the upper
panels are for stiff chains, Aa = 0.01. The dependence of
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Figure 9. Influence of L and A dependence of the local field on
the g = 0.0 term in the depolarization ratio. Depicted is the ratio
of p©@ to p,9, its counterpart in the ICA, as a function of the
reduced chain length, L/a. Notation and values of other pa-
rameters are the same as in Figure 3.

M@ on Ag, is similar to that of M;,,%, given that both
of these quantities involve integrals over the chain length
of the same local field factor, K., (s;) K, (s5). The most
pronounced deviations from ICA are seen for Ae, = 3.0,
and the smallest for Ae, = 0. Negative deviations are
observed in the former two cases, and positive deviations
in the latter one. As discussed already in connection with
Figure 3, the opposite trends are due to the absence of the
contribution to Ky, from G,” when Ae, = 0. For all values
of Ae,, M;,,'? shows somewhat larger deviations from the
ICA than M, does. In the ICA M, @ is proportional
to the mean squared radius of gyration, (S?). Figure 6
shows that this proportionality no longer holds in our
model. The estimates of (S?) from LS measurements
become less accurate as the chain length decreases, and
its flexibility and local optical anisotropy increase. We
note, however, that LS measurements of {S?) are possible
only for relatively long chains, for which we predict rela-
tively small deviations from the ICA for all cases depicted
in Figure 6.

We consider next the depolarized intensity. The ratios
Myy©/Myy © and Myy®/Myy @ (at o = 30°) as func-
tions of L/a are depicted, respectively, in Figures 7 and
8. The appearance of the two figures is quite similar, given
that they both involve integrals over the chain length of
the same local field factors, Kyy(s;)Kyy(ss). The deviations
from the ICA are seen to be slightly more pronounced in
the case of Myy®. Both figures illustrate that substantial
deviations of the depolarized intensity from its value in
the ICA occur for all three values of Ae¢, considered. The
value of A2 or, equivalently the energy gifference between
torsional local minima,'® is frequently deduced from the
intensity of low-angle depolarized LS, namely from Myy©
measured as a function of the chain length, L. To our
knowledge, it has always been assumed in the data analysis
that the local field factor Kyy is independent of L and A,
which leads to the L and A dependence of My predicted
by the ICA. We see from Figure 7 that this assumption
would lead to serious errors in the values of torsional po-
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Figure 10. Logarithmic plot of depolarized LS intensity, eval-
uated at ¢ = 0.0, as a function of the reduced chain length, L/a.
Notation and values of other parameters are the same as in Figure
3. :

tential parameters, especially in the case of short chains,
where the differences between the vatues of Myy® and
Myy @ are large. For the values of Ae, depicted on this
figure, use of the ICA would lead to an overestimate of A
for A¢, = -3.0 and to an underestimate of A for Ae, = 0
and Ae, = 3.0. Note that for A¢, = 0 and A¢, = -3.0, the
deviations from the ICA exhibited by MVH&’) are in the
opposite direction from those exhibited by M;,,?. There
would thus be a large discrepancy between the values of
\ estimated from isotropic and depolarized LS measure-
ments. A comparison of the values of A obtained from
these measurements could thus be used to investigate the
effects of the dependence of the local field on the chain
dimensions. Note, however, that a consistency in the
values of A obtained would not mean that the ICA is valid,
just that the isotropic and anisotropic local field factors
deviate from it in the same direction. The results shown
for A¢, = 3.0 are an example of this. Figure 9 shows a
comparison between the low-angle depolarization ratio, p©@,
and its ICA counterpart, p. as functions of the chain
length. The results for this quantity follow from the ones
shown in Figures 5 and 7. We see that for A¢, = 3.0, the
differences from the ICA exhibited by Myy® nearly cancel
those shown by M, . Partial cancellation occurs for Ae,
= 0 and an enhancement is observed for A¢, = -3.0. This
figure demonstrates the chain length dependence of the
local field may have an important effect on p©.

Figure 10 depicts the depolarized low-angle LS intensity
per molecule vs. the chain length, plotted on a logarithmic
scale. This figure demonstrates that anisotropy in the
polymer optical dielectric constant results in a large en-
hancement of the depolarized LS intensity. In I it was
noted that, for most polymer molecules in solution, the
refractive index increment data and the depolarized LS
intensity cannot simultaneously be fit if the polymer di-
electric tensor is assumed to be isotropic. A reasonable
value of dn/dc may be obtained, but a value of Iyy too
small by 1 or 2 orders of magnitude results. Here we see
that Ae, of +£3 results in an enhancement in Myz© by a
factor of about 350 over the value of Myy® for Ae, = 0.
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Table I
Effect of Choice of b on Light Scattering Intensities®
D da Ma®  Mw®/d MO M/
0.08 0.265 19.9 0.968  1.09 x 102
0.1 0.266 19.9. 0.972  1.09 x 102
1.0 0.01 0.267 20.0 0.976 1.10 %X 102
2.0 0.267 20.0 0.976 1.10 X 102
0.8 3.72 X 1072 0.122 0.960 39.5
1.0 3,74 X 1072 0.123 0.968 39.7
2.0 0.1 3.77 X 1072 0.124 0.976 40.0
4.0 3.78 X 1072 0.124 0.976 40.0

¢Values of other parameters: L/a = 50.0, ep° = 4.0, A¢, = 3.0,
and ¢, = 3.0.

We have not yet carried out extensive comparisons be-
tween our model and experiments. Preliminary compar-
isons have been made with the p© data of Arpin et al.1?
for a dilute solution of poly(p-phenylene terephthalamide)
in 96% sulfuric acid (¢, = 2.045). These data, as well as
the results for dn/dc for this system, may be fit with a
reasonable set of parameters, namely a = 2.56 A (hydro-
dynamic radius of benzene!?), epo = 3.82, and A¢, = 1.59.
Details of comparison of the model with these and other
experimental results will be given in a future publication.!®

The quantities depicted in Figures 3 and 5-10 have been
evaluated by using b = 1.0. Table I shows the dependence
of calculated isotropic and depolarized LS intensities on
the choice of b for L/a = 50 and Ae, = 3.0. b, defined by
eq 3.28 and 3.29, determines the sizes of the “cylinder” and
“dipolar” regions within the molecule. As can be seen from
Figures 5-8, the ICA overestimates all the quantities listed
in Table I for this choice of A¢,. Thus an increase in b
leads to an increase in these quantities, as long as 2\L >
b. If 2A\L < b, the intensities are independent of b. This
situation is represented in the table by Aa = 0.01 with b
='1and b = 2. It can be seen from the table that the
results are only weakly dependent on the choice of b, for
values of b of order of unity.

Figures 5-10 depict the behavior of LS intensities for
three values of Ae, and for fixed values of ¢, and .
Analogous studies can be carried out by varying ¢,’ at fixed
Ae, and ¢ or by varying the solvent optical dielectric
constant and keeping the polymer dielectric tensor com-
ponents fixed. The latter study yields solvent effects on
LS intensities. We have carried out such a study for two
values of the chain length (L/a = 10 and L/a = 50) and
for the other parameters representative of flexible poly-
mers in organic solvents. The results of this study for
isotropic and depolarized LS intensities as functions of ¢,
are depicted in Figure 11. Only the g = 0.0 components
of the intensities are represented, since the higher order
terms are negligible for the present choices of L/a and Aa.
The figure depicts the ratios of the model intensities to
those computed with the ICA. As expected, larger devi-
ations from unity and stronger dependence on ¢, are ex-
hibited by the ratios for the shorter of the two chains. Ae,
is positive, which means that the intrinsic and the shape
anisotropies enhance each other. As a result, the depo-
larized intensities are nonvanishing. Also the anisotropic
local fields for finite, flexible chains are smaller than those
for infinite rigid molecules. The isotropic intensity, which
depends strongly on ¢,° — ¢, vanishes in the range of ¢,
depicted both in the ICpA and in the finite chain local field
model, in the vicinity of ¢,° = ¢,. The ratios depicted
become infinite when M, © vanishes (at ¢, = 2.468, for
the present choice of ¢,° and A¢,). Figure 11 shows that
we would expect to observe different deviations from ICA
to occur in different solvents for a polymer of given L and
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Figure 11. Dependence of isotropic (upper panel) and depolarized
(lower panel) LS intensities, evaluated in the ¢ = 0.0 limit, on
the solvent optical dielectric constant ¢,. Depicted are ratios
M0/ My, @ and Myy® /My for L/a = 10 (full line) and L/a
= 50 (dashed line). The values of the other parameters are ¢,
= 2.5, Ae, = 1.5, A\a = 0.10, and b = 1.0.

A. The use of ICA in interpreting LS data to obtain, e.g.,
) in different solvents, for a known value of L would then
lead to mistaking local field changes for structural changes.

VI. Concluding Remarks

We presented the results for the refractive index in-
crement and the LS intensities calculated using continuum
models for the polymer conformation and optical response.
We summarize here our most important findings:

(a) We found that the local field at a point within a chain
molecule depends on the molecular shape, size, and the
distance of the point from the chain ends. The dependence
on these parameters disappears only in the infinite cylinder
approximation (ICA). The independent scatterer or bond
additive approximation is equivalent to this approximation
in its prediction of chain length and conformation de-
pendence of LS intensities and refractive index increment.
The dependence of the local field on chain dimensions is
strongest for relatively short chains. The deviations of the
LS intensities for solutions of these molecules from the ICA
may be quite large, those of dn/dc somewhat smaller. The
mean squared radius of gyration, (S?), is only approxi-
mately related to the quadratic term in the scattering
wavevector in the isotropic LS intensity. The approxi-
mation is quite good for long chains for which LS can be
used to measure (S?%).

(b) We derived the dependence of the local field on the
polymer dielectric tensor components, epo and Ae,, and on
the solvent optical dielectric constant, ¢, We showed that
the polymer optical anisotropy is not simply a sum of
intrinsic and shape anisotropy contributions, as is fre-
quently assumed. We found that a different chain length
and shape dependence of LS intensities and of dn/dc is
obtained for different choices of values of Ae,, ¢,0, and ¢,
We also found that the inclusion of the intrinsic anisotropy
into the model is essential in predicting the correct order
of magnitude for depolarized LS intensities in most
polymer solutions.
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Our theory suggests several experiments to test the im-
portance of local field effects on light scattering from
polymer solutions. To investigate the breakdown of the
ICA or of the independent scatterer approximation, one
could measure Myy?, 0@, and M,,,? for a series of chain
molecules containing different numbers of monomeric
units and use the ICA to extract the values of A from these
experiments. Differences in the values of the persistence
length obtained in different experiments would indicate
deviations from the ICA. The strong dependence of LS
intensities on ¢, predicted by the theory, could be inves-
tigated by carrying out experiments in different solvents
and deducing the chain persistence lengths from non-light
scattering measurements.

It would be desirable to extend the range of validity of
our model by removing some of the approximations used
herein. In particular, the treatment of optical response
of flexible chains would be improved by including, at least
to first order, the fluctuations in the local field, which have
been neglected in the present treatment (cf eq 2.26). We
anticipate that inclusion of these fluctuations would lead
to a prediction of larger deviations of LS intensities of long
flexible chains from those predicted by the ICA. Another
important improvement would result from a more accurate
treatment of the contribution to the local field from a more
accurate treatment of the contribution to the local field
from the range of distances of the order of magnitude of
the persistence length. This would be accomplished by
extending the distribution function f(R,d,,i,,s) into this
range. Work on both of these problems is presently under
way.
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Appendix A. Behavior of q,, and g, near s’ =0

In this appendix we derive the values of ¢, and g, at
s’ = 0 and expressions for T(1,s’) and T'(-1,s’). We first
focus our attention on g,.. Equation 3.13 indicates that
F(p,,s”) vanishes as s’ — 0 if p; # a. We thus examine the
behavior of F as p; approaches the interior surface of the
molecule; i.e., we consider F(p,,s’) when p; = a(1 -4) in
the limit 6 — 0.

lim Fla(l - 6),s') =
-0

s’ X 2a +
[402 + 8’2]1/2 [4(12 + 8'2]1/2

o [~ 41-9) 9g
EH(E’_ (2 - 5)2’[4a2 + 8/2]1/2) ] {A.1)

When we take the limit s’ — 0, s’K vanishes. Using the
explicit expression for II, we get

lim F(a(l - 8),s’) =
50

s—0
s’ 6 /2
[4az+s’2]1/2§~‘; da
1

52 4q? 12
— 4+ 2 1 - ———— gin?
[4 cos a][ P sin a]

It can be seen from this expression that the integrand
becomes singular at & = v/2 and is well-behaved away
from this limit. In order to integrate over this singularity,
we let § = o — /2 and expand around § = 0. The range

(A.2)
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of integration is extended to «, since the significant con-
tribution to the integral is from the region around the
origin '

lim F(a(l - 8),s’) =

=0

s—0

™" 8/2 do
S -
£ [62/4 + sin? 8][4a® + s'? - 4a? cos? §]1/2
* 6/2d8
f ware &Y
o 0°/4+0
Integration over 8 gives

lim F(a(l - 8),s") = n/2 (A4)
0
§0

and integration over p,; leads to eq 3.19. In [, this inte-
gration was not carried out. We used the approximation
q1.(s’) = (1/2wa) lim; . Fla(1 - 6),s"), which gives ¢;.(0)
=~ 1/4a. We found that the difference between the ap-
proximate g, used in I and the exact one used herein
becomes negligible for values of s’ = a.

In order to investigate the properties of g,. near s’ =0,
we first discuss the behavior of T(cos ¢,s’) near ¢ = 0 and
¢ = 7, where eq 3.16 appears to be singular. Even though
this limiting behavior could be obtained by expanding eq
3.16 around ¢ = %1, it is simpler and more instructive to
start with the following expression for T(cos ¢,s):

a a 1
T(cos ¢,s) = —s‘f; p1 dplj; P2 dpz;g (A.5)
When ¢ = =, r;; reduces to

rip = [+ (p; + p2)?]V/? (A.8)

The integrations over p; and p, are carried out with the
result

T(-1,8) =
2 2
l(s2 + 4a?)32 - E(Sz + a2+ S - L 4 go?12
3s 3s 3 s
(A7)
This expression vanishes in the limit s — 0.
3 2 3 2 3
lim TLe) = 22 - 22 2% _y  (ag)
s—0 3s 3s s

This result is not surprising since ¢ = = corresponds to p;
and p, pointing in opposite directions, so it leads to ry; =
0 only when p; = p; and s = 0. We now consider the case
¢ = 0, which corresponds to p; parallel to p,. Now ryy
becomes

rig = [2 + (o - pp)?]*/? (A.9)
and integration over p; and p, of eq A.5 results in
2¢2  2(s? + a?)?/2
3 3s

This expression is well-behaved at finite s but becomes
singular as s approaches 0

T(1,s) = + a? (A.10)

2 3
lim T(Ls) = - = — —e (A.11)
s—0 3s
This singularity in T is integrable, as will be shown below.
To do this we expand T{(cos ¢,s) for small ¢ and obtain
the following expression:
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lim T(cos ¢,8) =
¢—0

2 2 4 2421172
s - 2[a? + 213 + “{arctan ([_s__id)_]_) -
¢? ¢? 5

s ¢[02 + S2]1/2
arctan W + arctan _—S'——

(A.12)
Taking now the limit s — 0, this expression becomes
lim T(cos ¢,s) =
¢—0
s—0
a®) 2 1|« 1
" —; + ;[-2- - arctan 5 + arctan y]} (A.13)

where ¥y = ¢a/s. go(0) is obtained by integrating the ahove
expression over y

4 ® 2
q:(0) = ﬂ_—a;‘j; dy —;5 +

(= 1 4
-1 = _ Z+ -— o) —
N 3( 2 arctan y arctan y) ] 7ra2[A( ) — A(0)]

(A.14)
where A(y) is given by
2 T 1 1 1
A R - — = —
) Y o arccot y % 2 arctan y
1§ 1 1
A =+1 - = (A
2\ 52 ) arctan y % (A.15)
At the upper limit of integration A becomes
A=) = -7 /2 (A.16)

Its value at y = 0 is obtained by expanding arccot y and
arctan y for small y
3

Yy
arccot y = T. y+ —+ . (A.17)
2 3
¥y
=y-—+ - :
arctan y = y — (A.18)
Substitution of eq A.17 and A.18 into eq A.15 gives
A(0) =0 (A.19)

and substitution of the above equation and eq A.16 into
eq A.14 leads to eq 3.20, the desired result.

Appendix B. Derivation of A_, B, A4, and By

Here we present explicit expressions for A, B, A4, and
By used in eq 3.40 to 3.42. We obtain A, and B, by inte-
grating H_, defined in eq 3.7, over s and using eq 3.12 and
3.15, with the result

s’ a . a2 .
J, ds HIG) = %1501 - 218)1(s") = 3277 aels Yty

(B.1)
= A(s")1 - B,(s")i,1; (B.2)
Comparing eq B.1 to eq B.2, we find
a
Adls’) = ¥1501:(8") B.3)
and
a a?
B = n3qels) + nyals) (B
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Similarly, we define A4 and B4 by

o s (BL@)g, = f]ds [(Qui), + (Qu(5))s]
(B.5)
= Ad(S/)l - Bd(s’)ﬁlﬁl (B.G)

The explicit expressions for A4 and By are obtained then
by integrating eq 3.24 and 3.25 from b/2X to s”. They are

an \2f 12 \V? 743 12x;
7y = — —_— —_— A —— -
Aqdls") (5)(@3) I\ 1" 5255 T T
1221 202 _(@)Zi”“‘x
Y2\ 6 7 3006 © 7p2 5 ) \ ont3
743 3xy 1 221 %o
_—_+— — ___._.+___
[yl(l 1050t 7t2) y2(6 600b 14t2)]

(B.7)

N Y BY il (90 2257 122
Bd(s)'(5)(,rb3) Y\9 306 T Tp2) "
5 3089 2231 (E’_\)z N R
Y2\ 18 7 7006 © 752 5 /) \2nt?
20 2257 . 32 3089 | 2
[y 1( 9 700t 'nz) Ty 2( ¥ Ta00¢ 14t2)]

(B.8)

where t = s’

Appendix C. Derivation of myg?

Here we derive eq 5.23 starting from eq 5.15. We first
use eq 3.2 in order to express myy® in terms of tangent
unit vectors and obtain

mya®(js; = sql) =

3 S2 - A4 ~
S s fds; Gt RY Gt R)@3) (@) (C.1)
1 1
We evaluate the average indicated in the above equation.
This is done in two steps. The first one involves evaluating
the conditional average of 4,4, for a fixed J; and the
conditional average of 4,1, relative to 2;. To do this we
use the fact that i and j represent points on the molecular
axis intermediate between 1 and 2. We thus initially
postulate that the ordering of these points on the molecular
axis is 1 <{ < j < 2. The results for other allowed orders
of indices are obtained from the ones obtained for this case.
Using this ordering and the distribution function of eq 5.20,

we find
(ﬁ1121>zz,- = 1/31.(1 - e—67\|sl—si|) + ﬁidie"&"sl‘s"' (C2)

An equivalent expression, with subscripts 2 and j replacing,
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respectively, 1

(G-t,0,-R) G-

d i is obtained for (895);. Thus we have

2o00R) (§+0:)(3))) =
(GeaG-R)Gad R NGu)ga)) x
exp[-6A(ls; — s} + |s2 = 5;)1 (C.3)

The average indicated on the right-hand side of this ex-
pression now involves only unit vectors &; and ; and may
be evaluated using g(&,,4;), with the result

((-0,0,R) G- k) @0)(ga)) = To5 eXPL-12Mis; - 5,

- + , 2 &
525[3 exp(-12\|s; = sj|) + 7 exp(=2\|s; - s;])] cos 5

where we have used eq 5.8 for q. Integration of this ex-
pression over s; and s; yields eq 5.23.
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